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DYNAMIC PROPERTIES OF CONCENTRATED SUSPENSIONS OF CHARGED
POLYSTYRENE SPHERES

Shigeki MITAKU, Toshiya OHTSUKI, Akihiko KISHIMOTO and Koji OKANO
Depertment of Applied Physics, Faculty of Engineering, University of Tokyo, Bunkyo-ku, Tokyo 113, Japan

Ordered structure formation of charged polystyrene spheres was studied by measuring the order-disorder phase diagrams
as well as the mechanical properties. The phase diagrams indicate that the ordering of polystyrzne spheres obeys Lindemann’s
law of crystal melting, in which the Lindemann’s parameter is about 5%. The rigidity of about 10> dyn/cm?2 was observed in
the ordered suspension of polystyrene spheres as measured by a torsional quartz crystal method. The steady flow propertiex
of suspensions of pclystyrene spheres showed a remarkable change from a Bingham body to a Newtonian liquid at the transi-
tion point. The limit of elasticity in the ordered phase was about 1 dyn/cm?. The viscosity in the disordered phase was well
explained by the free volume theory of liquids. It is concluded from these facts that the ordered phase of polystvrene spheres
is a real “‘crystal” whereas the disordered phase is a *liquid™. Properties of ordered structures in biological svstems are also

discussed.

1. Introduction

Biological systems are concentrated suspensions of
particles, filaments and membranes which are more or
less charged, and these biological elements often make
regular arrangements like crystals or liquid crystals.
The semimicroscopic ordered structures in biological
systems may be classified according to their symmetry
[1]. First, globular proteins and viruses show three
dimensional lattice structiures [2—4]. Second, filaments
such as muscle fibers and microtubules are packed in
a hexagonal array [5]. Third, proteins in biological
membranes sometimes display two dimensional crys-
talline structures [6]. Forth, one dimensional stacking
of membranes is also found. Although these ordered
arrangements are common occuirrence in biological
systems, the mechanism of ordering and various prop-
erties of the ordered structures are not clear enough.

The concentrated suspensions of charged polysty-
rene spheres, i.e. monodisperse latexes, are very similar
to globular particles in biological systems such as pro-
teins and viruses, because polystyrene spheres have
considerable amount of negative suiface charge and
their size is very uniform. Furtherinore, it has been
well known that concenirated polystyrene spheres
show an ordered crystalline struciure of face-centered-
cubic type when the volume fraction is suificiently

large and the salt concentration in the solvent is small
[7.8]. Therefose, the ordered array of charged poly-
styrene srheres has to be a good model of ordered
siructures in biological systems, particularly of three
dimensional lattice of particles. In the present work.
we have determined the order-disorder phase diagrams
of the concentrated suspensicns of charged polystyrene
spheres with various surface charge density and meas-
ured their mechanical properties as varying the volume
fraction as well as the salt concentration. The ordering
mechanism and the properties of the ordered struc-
tures in biological systems are discussed on the basis
of the experimental results of the latexes.

2. Phase diagrams

The order-disorder phase diagrams are shown in fig.
1 for three suspensions of polystyrene spheres whose
characteristics are listed in table 1. The ordered phase
appears at higher volume fraction and lower salt con-
centration, which is consistent with the phase diagrams
by Hachisu et al. [8] and Fujita and Ametani [9].
When the surface charge is decreased, the ordered
phase becomes less stable.

The qualitative feature of the phase diagrams and
the dependence on the surface charge density may be
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Fig. 1. Phase diagrams of the suspensions of polystyrene
spheres; = 1 (#), #2 (o) and & 3 (a). Solid lines and broken
lines are theoretical curves by use of the Poisson—Bolizmann
equation and Debye—Hiickel approximation, respectively.

interpreted in terms of the schematic diagram in fig. 2.
Polystyrene spheres have negative surface charges,

and the counterions as well as added salts form an
electric double layer. Since van der Waals attractive
force is negligibly small at the interparticle distance of
about 230 nm, polystyrene spheres have to be inter-
acting only by the electrostatic repulsion. When the re-
pulsicn between particles is sufficiently large in high
particle concentration and low ionic concentration
regions, eacha polystyrene sphere is confined to the
minimum of the potential valley, as shown in fig. 2.
Thus, polystyrene spheres with higher surface charge
density form more stable crystalline structures.

Two kinds of theories have been proposed for the
expianaiion of the phase diagram. One is t) approxi-
mate the electrostatic repulsive potential by a hard
core potential [10]. In this case, the effective volume
fraction ¢* of spheres is assumed to be described by
the actual volume fraction ¢ and the Debye length
1/k as,

6*=0(1+Aka)? , @

where z is the radius of a sphere and A is a constant.
According to the compuior experiments by Alder et
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Table 1

Characreristics of polystyrene spheres

Sample Diameter Dispersion Charge
(nm) (nm) (e/particle)

=1 125 5 1240

=2 159 9 810

=3 174 9 370

al. [11], rigid spheres undergo a phase transition from
a disordered phase to an ordered crystalline phase at
the volume fraction of 0.5. Therefore, if we adjusi the
parameter A appropriately, the phase boundary may

be determined by the equation, ¢* = 0.5. The dashed
linesin fig. 1 are calculated in this way, in whichA=1.64,
1.38 and 0.78 for the samples #1. #2 and #3, respective-
ly. Although the agreement becomes worse in the Jow
ionic concentration range due to the inapplicability of
the Debye—Hiickel approxirnation, the effective volume
fraction of eq. (1) seems to represents the interaction
between spheres fairly well at least in the larger ionic
concentration regions. This approximation is useful for
the analysis of the mechanical properties because of its
simplicity.

The other approach to the phase diagram is a more
precise one, in which Lindemann’s law of crystal melt-
ing is applied [12]. The electrostatic potential around
a particle is calculated by solving the Poisson—Boltzmann
equation numerically with an eccentric cell model.
Then the phase diagram is calculated from Lindemann’s
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Fig. 2. Schematic diagram of polystyrene spheres and their
electrostatic repulsive potential.
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Fig. 3. Salt concentration dependence of the rigidity (e) at
40 kHz and the yield stress (o) in the ordered phase.

law,
SHU2 ~ad @)

in which & is the thermal fluctuation of a particle in
the effective potential valley, d is the lattice constant
and « is the Lindemann’s parameter which is nearly
equal to 0.1. The solid lines in fig. 1 is the calculated
phase boundaries, in which = 0.05,0.039 and 0.04
for the samples 1, #2 and #3, respectively. The
agreement between the theoretical and experimental
phase diagrams is very good, and the ordered structures
of polystyrene spheres melt when the thermal fluctua-
tion of a sphere becomes larger than about five percent
of the lattice constant. Consequently, the order-dis-
order transition of polystyrene spheres is quite anzlo-
gous to the melting of crysialline solids.

3. Mechanical properties

We have measured the viscoelasticity at 40 kHz and
the steady flow behaviours of the suspensions of the
polystyrene spheres #1, passing through the phase
transition. A torsional quartz crystal method was im-
proved for the measurements of the viscoelasticity in
aqueous suspensions, and the accuracy of +60 dyn/cm?

was obtained [13]. A concentric cylinder viscometer
was used for the study of the steady flow behaviours,
in which the shear stress was varied from 103 to 2
dyn/cm? and the rate of shear could be detected in
the range between 5 X 10™> and 60 s—1 [14].

There was a marked change in the viscoelasticity as
well as the flow properties when the salt concentration
in the suspension of 11.7% was varied. Flow curves in-
dicated that the ordered phase of polystyrene spheres
is a Bingham body with a finite yield stress whereas
the disordered latex is a newtonian liquid. Correspond-
ing to this remarkable change in the flow properties,
the rigidity in the ordered phase as measured by the
torsional quartz crystal method sharply decreased at
the transition regions.

The rigidity at 40 kHz as well as the yield stress are
shown in fig. 3 as a function of the salt concentration.
The rigidity is about 103 dynf/cm?2 at low salt concen-
trations and vanishes above 160 uM where the latex is
in the disordered phase. The yield stress is 1.7 dyn/em?2
belovw 50 uM KCl and shows the salt concentration de-
pendence quite similar to the rigidity. Therefore, the
following relationship between the rigidity G and the
yield stress ¢ is derived,

06=AG .. 3)

Here, A4 is a constant independent of the concentration
of the added salt and equal to 1.7 X 10~3 in the sample
#1.

The finite yield stress and rigidity indicate that the
crystalline array of polystyrene spheres is a reai crys:al
in view of the mechanical properties, although the lat-
tice constant and the nature of the interparticle poten-
tial are greatly different from those of ordinary crystals.
In addition, the same relation as eq. (3) is already esta-
blished for crystalline solids and has been explained by
the existence and the movement of dislocations in
crystallites. The validity of the same proportionality
suggests that the ordered latex also undergoes a plastic
deformation due to the movement of dislocations.

Although the finite rigidity in the ordered latex
qualitatively indicates that it is a real crystal, the value
of 103 dyn/cm? is very small as compared to the rigi-
dity of crystalline solids, 1010 ~ 1012 dynfcm?2. How-
ever, this disagremeent may be reasonably explained by
the following estimation. The order of magnitude of the
modulus 47 of crystals may be written by the magni-
tude of the thermal fluctuation 8 of a particle as,
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where fis the force constant and &7 is the thermal
energy. If we substitute a nondimensional parameter
B for 8D1/2]g_ M is obtained as a linear function of
the number density /V of a particle,

g o~ Aflr'TIRl (5)

FA LY

Since < a ~ 0.1 for stable crysials due to the Linde-
mann’s law of eq. {2), it should be reasonable to as-
sume that 1/82 ~ 103 in crystals of metals as well as
lIatexes. Fig. 4 shows the moduli of ordered polystyrene
spheres together with metals and the dashed iine re-
presents eq. (5) on the assumption that 1/82 ~ 103.
The agreement of eq. (5) with experimental values is
fairly good, and it may be concluded that the difference
in the magnitude of the rigidity between the ordered
polystyrene spheres and metal crystals is mainly due

to the difference in the mumber dengitv of these svstems
O 1IN QINI0IenCe 1 118 mumoey gensity tnese systems.

The moduli is a kind of energy density and the moduli
of protein or virus crystals are also expected to be es-
timated by eq. (5).
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Fig. 5. Salt concentration dependence of the sieady flow vis-
cosity ag well as the dvnamic viscosity at 40 k#z in the dis-
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ordered phase.

In contrast to the ordered state, the disordered state
of polystyrene spheres showed a Newtonian flow curve.
Fig. 5 shows the salt concentration dependence of the
steady flow viscosity together with the dynamic visco-

it ar AN L2 Tha atoander flowr vicancitsy incronena
SiY A U K334, AU 5iSaly 10W VASGUSLY HIlICadses

divergently in the vicinity of the melting point, and
the yield siress appears at the melting point. On the
other hand, the dynamic viscosity is much smaller
than the steady flow viscosity and does not have any
singularity at the melting poini.

At present, there is no exact theory of suspension
viscosity dealing with the strong elecirostatic interac-
tion between particles. But we have already elucidated
that the ordered structure of latex is a crystal, and
therefore the disordered state is expected to be a liquid.
Now we try to explain the distinct salt concentration
aependence of the steady flow viscosity by the free
volume theory of the transport phenomena in liquids
and giasses [15]. Cohen and Turnbull have assumed
that the diffusion of a molecule in liquids occurs when

2o frma wnlitrms swvansrde cnrme sritionl walisa Falslating
L3IV 3%y YWAMILIAW WAWWWLID OWIIIC WIALIGGE YOIUV . A biiatiiisg

the statistical redistribution of the free volume, the
diffusion constant of the molecule has been determined

in terms of the probability of the fres volume larger
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Fig. 6. The steady flow viscosity is ~eplotted against the effec-

tive volume fraction. A solid line represents th~ theoretical
curve,

than the critical value. We have applied this concept
13 the case of the disordered polystyrene spheres
which are strongly interacting with each other by the
electrostatic repulsion and obiained the following ex-
pression of the diffusion constant [16].

D=Dgexp (»- %iz—zf—), ()]

in which &* is the effective volume fraction which is
defined by eq. (1), Dy is the diffusion constant of a
particle in water and -y is a constant in the range from
0.5 to 1. Since the viscosity is described by

N~ Gy ~God?D, )
we obiain

Ged?  (382y0*
n= g0 (1555) ®

where G is the glass-like rigidity at high frequencies
and 7 is the relaxation time of the glasslike state. The
best fitted curve is shown in fig. 6, in which G, d2[Dg
=0.0091 and 2.82+ = 1.70. Since the relaxation time
7 has to be longer ilian d2/Dg which is roughly esti-
mated from d ~ 10—5 cm and Dy = k7/67na ~ 10—7

cm? s~ 10 be about 103 s, the frequency of 40 kHz
is high enough to measure the glass-like state. There-
fore, the decrease in the viscosity at 40 kHz as compared
to the steady flow viseosity is due to the freezing of the
movement of particles. We have previously found that
the rigidity of O ~ 102 dyn/cm? is observed at 40 kilz
i—x the disordered state {1 71. Substituting this value.

~ 10 dyn/cm?, with d2/Dg ~ 1073, G,d? Dy is
calculawd as 0.01 which is in good agreemem with
experimental value. The value of v, 0.60, is also reason-
able. Thus, the disordered latex appears to be under-
stood as a liquid of polystyrene spheres interacting
with electrostatic repulsion.

4. Discussion

Experimental results for the suspensions of charged
polystyrene spheres are as follows,

(1) The ordered structure of polystyrene spheres is
formed by an electrostatic repulsion between spheres.

(2) The order-disorder transition obey’s Lindemann’s
law of crystal melting.

(3) Finite rigidity and yield stress was measured in
the ordered state indicating that the crdered latex is
a rezl crystal, and the relationship between them indi-
cates a dislocation mechanism of the plastic deforma-
tHon.

{#) The steady flow viscosity in the disordered state
was reasonably explained by the free voiume theory of
Lquids.

One of the most important conclusion in the present
work is that the ordered structure of charged spheres
may be formed by the purely repulsive electrostatic
interaction between spheres which are confined in a
limited volume of the solvent. Consequently there may
be at least three kinds of ordered structures in biolo-
gical systems with respect to the dominant pair interac-
tion between particles or filaments; the electrostatic
repuision, the van der Waals attraction and some more
specific interactions. When the electrostatic repulsion
is dominant, the particles have to be in a limited volume
surrounded by some membranes or organellas for the
formation of lattice structures. On the other hand,
crystalline structures are formed spontaneously, when
the van der Waals attraction is dominant. Examples of
these ordered structures are the following. Some crys-
talline arrays of spherical viruses [2] and the two dimen-
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sional lattice of muscle filaments [18] are primarily
formed by the repulsive interaction. Crystals of globular
proteins appears to be formed spontaneously due to

the van der Waals attraction [19]. More specific interac-
tion is expected in some globular protein assemblies
like F-actin [20].

The ordered structure formed by the repulsion has
more flexibility of various characteristics than other
types of ordered structures. Namely, the lattice con-
stant does not depend on the strength of the interac-
tion but is inversely proportional to the cubic root of
the volume fraction of spheres or the square root of
the concentration of filamrents. The melting of the
ordered structures may easily occur due to the changes
in the volume fraction, salt concentration and pH.
Because of these flexible natures, the ordered struc-
ture formed by the repulsive interaction appecrs to be
more suitable for biological systems in some cases than
other types of ordered structures.

Another important result of this work is the fact
that the three dimensionzl ordered structure of charged
spheres is essentially the same as ordinary crystalline
solids in their melting behaviours as well as the mecha-
nical properties. Therefore, it should be reasonable to
assume that the three dimensional lattice in biological
systems also has the same properties. That is, they
will obey Lindemann’s law and have the finite rigidity
and yield stress which is determined by eqgs. (3) and
(5). We will present in a forthcomming paper the de-
tailed description of the mechanism of ordering and
the mechanical properties of some lattice structures
in biological systems.

We are indebted to Professor Y. Wada for his kind
advice. This work is parily supported by the Grant-in-
Aid for Scientific Research, 446046.
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